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We study QCD in 1 + 1 dimensions in the large Nc limit using light-front Hamiltonian perturbation theory in
the 1/Nc expansion. We use this formalism to exactly compute hadronic transition matrix elements for arbitrary
currents at leading order in 1/Nc, which we use to write the semileptonic differential decay rate of a heavy meson
and its moments. We then compare with the results obtained using an effective field theory approach based
on perturbative factorization, with the intention of better understanding quark-hadron duality. A very good
numerical agreement is obtained between the exact result and the result using effective theories.
1. Introduction
The results presented here are part of a work
done in collaboration with Antonio Pineda and
Joan Rojo [1].
Asymptotic freedom can be seen as the first ex-
ample of factorization between high and low ener-
gies, since it dictates that Green functions at high
Euclidean energies (Q2) can be described by per-
turbation theory up to corrections suppressed by
powers of ΛQCD over Q. Therefore, the use of the
operator product expansion (OPE) in processes
where the relevant momentum scale is large and
Euclidean is safe. This is quite restrictive, since,
in most of the cases, it can only be tested with
experiment through dispersion relations, which
involve measurements up to arbitrarily high en-
ergies. What one usually does is to try to di-
rectly apply the same perturbative factorization
techniques to observables living in the Minkowski
regime. In practice this means to perform the an-
alytic continuation of approximate perturbative
results obtained in the Euclidean region to the
Minkowski region, but such calculations do not
come from first principles. This problem affects
the OPE and effective field theories that are built
using perturbative factorization techniques aim-
ing to factorize high from low energies, and it is
usually stated as duality violations. We will fol-
low here the definition of [2] for duality violations.
One can quantify the discrepancy between the
exact result and the one using perturbative fac-
torization in the large Nc limit of QCD [3]. In
this case one finds a clear discrepancy between
both results in the physical cut of the Green func-
tions, where one has infinitely narrow resonances
on the one hand and an smooth function on the
other. This can be further quantified in the ’t
Hooft model [4], which we will consider in what
follows.
The specific observable we use to illustrate this
discussion is the differential semileptonic inclusive
decay of a heavy meson: HQ → Xlν. The duality
violations in this case are maximal, but if we con-
sider the Mellin moments of the differential decay
rate we find that there is a very good agreement
between the exact and the perturbative result.
In sec. 2 we analyze QCD1+1 in the light front.
In sec. 3 we compute the hadronic differential de-
cay rate and its moments. In sec. 4 we construct
an effective theory to compute these quantities at
one loop, and compare the two results. Finally,
in section 5 we present our conclusions.
2. QCD1+1 in the light front
The QCD lagrangian is given by
L = −1
4
GaµνG
a,µν+
∑
i
ψ¯i (iγ
µDµ −mi + iǫ)ψi , (1)
where Dµ = ∂µ + igAµ and i labels the flavor.
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We work in light-cone coordinates: we define
two light-like vectors,
nµ− = (1, 1) , n
µ
+ = (1,−1) , (2)
and define the light-cone coordinates as
x+ ≡ n+·x = (x0+x1), x− ≡ n−·x = (x0−x1) .(3)
In this coordinates the usual quantization gauge
is A+ ≡ n+ ·A = 0, the so called light-cone gauge.
As for the mass fields ψi, we split them in
ψ+ =
1
4
γ−γ+ψ , ψ− =
1
4
γ+γ−ψ . (4)
With these definitions, the QCD lagrangian looks
like
L = 1
8
(∂+A−)2 +
∑
i
(
ψ†i+(i∂− + gA
−)ψi+ (5)
+ψi−i∂
+ψi− −mi(ψ†i+γ0ψi− + ψ†i−γ0ψi+)
)
.
As our quantization frame, we choose to quantize
at x+ = constant, which means that x+ plays
the role of time, and x− that of space in our
equations. In this quantization frame, neither A−
nor ψi− are dynamical fields, so we can integrate
them out and construct the Hamiltonian
P− =
∑
i
∫
dx−dy− (6)
×{−im
2
i
4
ψ†i+(x
−)ǫ(x− − y−)ψi+(y−)
−
∑
j
g2
4
ψ†i+t
aψi+(x
−)|x− − y−|ψ†j+taψj+(y−)} ,
where
ǫ(x) =


−1 , x < 0 ,
0 , x = 0 ,
1 , x > 0 .
(7)
By solving the eigenstate equation P−|n〉 =
P−n |n〉 one obtains the basis of states on which the
Hilbert space of physical states can be spanned.
Here we will focus on the meson sector of this
space, and we will generically label the state as
|ij;n〉, where i labels the flavor of the valence
quark, j labels the flavor of the valence antiquark
and n labels the excitation of the bound state.
The solution to the eigenstate equation can be
obtained from the large Nc limit solutions within
a systematic expansion in 1/Nc using standard
time-independent quantum perturbation theory.
Up to O(1/Nc), it has the following structure
|ij;n〉 = |ij;n〉(0)+
∑
m,n′
∑
k
|ik;n′〉(0)|kj;m〉(0)(8)
×(0)〈ik;n′|(0)〈kj;m|P−|ij;n〉(0) 1
P
(0)−
n − P (0)−m − P (0)−n′
,
where the second term in the expression is 1/
√
Nc
suppressed: in our calculations we are staying
at leading order in 1/Nc, but we have to keep
this term because it gets enhanced by
√
Nc when
computing transition matrix elements. |ij;n〉(0)
represents the eigenstate solution in the large Nc
limit,
|ij;n〉(0) = 1√
Nc
∫ P+n
0
dp+√
2(2π)
φijn
(
p+
P+n
)
(9)
×a†i,α(p)b†j,α(Pn − p)|0〉 ,
where α is the color index, φijn is the solution to
the ’t Hooft equation, and the state is normalized
as
(0)〈ij;m|i′j′;n〉(0) = 2π2P (0)+n δmnδii′δjj′ (10)
×δ(P (0)+m − P (0)+n ) .
With this we can compute transition matrix el-
ements, 〈cs;m|ψ¯cΓQ|Qs;n〉. For reasons of space,
we cannot show the formulas here, and refer the
reader to [1].
3. Semileptonic differential decay rate:
hadronic computation
We consider the semileptonic heavy meson de-
cay: HQ → Xcla l¯b, where HQ represents a bound
state made of a heavy quark Q and a light (spec-
tator) quark s, Xc represents any hadronic final
state with c (hard-collinear) flavour content and
la,b represent massless leptons. We will consider
the situation on which the spectator, ψs, and
hard-collinear, ψc, quarks have different flavour
in order to avoid annihilation and Pauli interfer-
ence terms. This decay has already been studied
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in the past, we will follow here the work of Bigi
et al. [5]. The authors considered the flavour
changing weak interaction
LVweak = −
G√
2
ψ¯cγµQl¯aγ
µlb . (11)
The total decay width can be written as
ΓHQ =
G2
MHQ
∫
d2q
(2π)2
ImΠµν(q)ImT
µν(q) , (12)
where Πµν(x) and Tµν(x) are defined as
Πµν(x) = i 〈0|T
{
l¯a(x)γµlb(x) l¯b(0)γν la(0)
} |0〉(13)
T µν(x) = i 〈HQ|T
{
Q¯(x)γµψc(x) ψ¯c(0)γ
νQ(0)
} |HQ〉,
and their Fourier transform as
Πµν(q) =
∫
d2x eiqxΠµν(x) (14)
T µν(q) =
∫
d2xe−iqxT µν(x) .
The leptonic tensor can be easily calculated; to
calculate the hadronic tensor we just have to in-
sert a complete set of intermediate states: in the
large Nc limit this set will consist exclusively of
mesons, so we can use the transition matrix ele-
ments we found previously. In the end, the differ-
ential decay rate reads (the details can be found
in [1])
dΓhadr
dx
=
∑
Mn≤MHQ
G2
4π
M2HQ −M2n
MHQ
(15)
×
[∫ 1
0
dzφcsn (z)φHQ(z)
]2
δ
(
x− 1 + M
2
n
M2HQ
)
,
where
x ≡ q
+
P+HQ
. (16)
The moments are defined as
MN ≡
∫ 1
0
dxxN−1
dΓ
dx
. (17)
We can insert (15) in this expression right away,
but since our interest here is to compare the result
with that of an effective theory, we will give an
alternative expression for the moments which is
valid up to N ∼ mQ/β (again, the details of the
calculation, and the approximations made, can be
found in [1]),
MhadrN ≃
G2MHQ
4π
m2Q,R
M2HQ
(
1− m
2
c,R
m2Q,R
)N
(18)
×
∫ 1
0
dx
x2
xNφ2HQ(x) ,
where m2x,R = m
2
x − β2. This formula has a pre-
cision of O(β2/m2Q) when N ∼ 1 which reduces
to O(β/mQ) when N ∼ mQ/β.
4. Effective theory
To construct the effective theory we switch to a
partonic picture, in which the decay of the initial
meson becomes just the decay of the heavy quark
into a light quark. The decay is given by the
imaginary part of the diagrams shown in Figure
1.
Figure 1. Diagrams involved in the construction
of the effective theory at one loop. The dotted
lines represent the outgoing leptons.
We work in the kinematics in which the mo-
mentum carried away by the leptons is
q+ = xp+Q , q
− = 0 . (19)
This means that the light outgoing quark result-
ing from the decay has the following momentum:
p+c = p
+
Q(1− x) , p−c = p−Q . (20)
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The important point is that p−c = p
−
Q = mQ,
which in our light front quantization frame means
that the propagating light quark in the diagrams
has a very large “energy”, and that the process
happens at very short “times”. So, we can safely
integrate out the light quark from our lagrangian.
The resulting lagrangian will be essentially that of
HQET, plus a local vertex in x+, the imaginary
part of which will represent the decay process.
The construction of the effective theory amounts
then to computing in full QCD the diagrams in
Figure 1, and then matching to an effective vertex
in which the intermediate light quark will have
disappeared. The effective vertex is
LI = −G
2
2π
(∂+φ)
(mQ,R
i∂+
Q+
)† 1
i∂+ − m
2
c,R
−iǫ
m2
Q,R
i∂+
×
(mQ,R
i∂+
Q+
)
(∂+φ†) , (21)
where φ is a pseduoscalar massless field that rep-
resents the (massless) outgoing leptons. The dif-
ferential decay rate is then given by
dΓ
dx
pert
=
1
MHQ
1
2(2π)x
G2
2π
(MHQx)
22ImTeff (22)
=
G2MHQ
4π
m2Q,R −m2c,R
m2Q,R
(
m2Q,R
M2HQ
)
1
x
φ2HQ

 x
1− m
2
c,R
m2
Q,R

 .
Comparing with (15) we see the maximal duality
violation: one result is a sum of deltas whereas
the other is a smooth function. However, if we
compute the moments, we find
MpertN =
G2MHQ
4π
m2Q,R
M2HQ
(
1− m
2
c,R
m2Q,R
)N
(23)
×
∫ 1
0
dxxN−2φ2HQ(x) ,
the same expression as (18), with the same pre-
cision. Thus, up to the precision we are working
with, there are no duality violations for the mo-
ments. Actually, a numerical analysis (see [1])
shows that the numerical agreement is very good
up to high moments. In [5] it is shown for the
inclusive decay width that differences appear at
O(1/m9Q) (they are strongly suppressed, but they
are there). In [1] it is also shown that, although
very good results are found for the moments,
things don’t look so well if we average over smaller
ranges. Namely, for∫ xn+δx
xn−δx
dΓ
dx
dx , (24)
where xn is any x which satisfies the delta in (15),
we find that, first, we have to fine-tune the value
of δx for the hadronic and perturbative results to
agree at leading order, but even then, they differ
at O(β2/m2Q).
5. Conclusions
To sum up, we have computed the differential
semileptonic inclusive decay of a heavy meson and
its moments, through both a hadronic calculation
and a perturbative calculation (using an effective
theory), and found that, whereas a comparison
between the two results is impossible for the dif-
ferential decay rate, the moments show no dual-
ity violations with the precision we have worked
with; however, other observables, like the one de-
fined in (24) don’t work so well. So, in conclusion,
effective theories can only be a good approxima-
tion for inclusive observables on which one av-
erages over a large fraction of the final bound
states. They are not suited for point-to-point
comparisons, or comparisons between arbitrarily
smeared functions.
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